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Representations of (2, n)-semigroups by
multiplae funtions
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Abstrat
We desribe the representations of (2, n)-semigroups, i.e. groupoids
with n binary assoiative operations, by partial n-plae funtions and
prove that any suh representation is a union of some family of repre-
sentations indued by Shein's determining pairs.
Let An be the n-th Cartesian produt of the set A. Any partial mapping
from An into A is alled a partial n-plae funtion. The set of all suh
funtions is denoted by F(An, A). The set of all full n-plae funtions on A,
i.e. mappings defined for every (a1, . . . , an) ∈ A
n
, is denoted by T (An, A).
Obviously T (An, A) ⊂ F(An, A). Note that in many papers full n-plae
funtions are alled n-ary operations.
On F(An, A) we define n binary ompositions ⊕
1
, . . . ,⊕
n
putting
(f ⊕
i
g)(a1, . . . , an) = f(a1, . . . , ai−1, g(a1, . . . , an), ai+1, . . . , an) (1)
for all f, g, g1, . . . , gn ∈ F(A
n, A) and (a1, . . . , an) ∈ A
n
, where the left
and right hand of (1) are defined or not defined simultaneously. Sine
all ompositions ⊕
1
, . . . ,⊕
n
are assoiative operations, algebras of the form
(Φ;⊕
1
, . . . ,⊕
n
), where Φ ⊂ F(An, A), are alled (2, n)-semigroups of n-plae
funtions. If Φ ⊂ T (An, A), then we say that (Φ;⊕
1
, . . . ,⊕
n
) is a (2, n)-
semigroup of full n-plae funtions (or n-ary operations).
The study of suh ompositions of funtions were initiated by Mann [3℄
for binary operations and ontinuated by other authors (f. for example [1℄,
[7℄, [9℄). Nowadays suh defined ompositions are alled Mann's omposi-
tions or Mann's superpositions. Mann's ompositions of n-ary operations
are desribed in [8℄. Abstrat algebras isomorphi to some sets of opera-
tions losed with respet to these ompositions are desribed in [6℄. The
1
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1
sets of partial funtions losed with respet to these ompositions and some
additional operations are haraterized in [2℄.
Aording to the general onvention used in the theory of n-ary systems,
the sequene ai, ai+1, . . . , aj , where i 6 j, an be written in the abbreviated
form as a
j
i (for i > j it is the empty symbol). In this onvention (1) an
be written as
(f ⊕
i
g)(an1 ) = f(a
i−1
1 , g(a
n
1 ), a
n
i+1).
The algebra (G;⊕
1
, . . . ,⊕
n
), where ⊕
1
, . . . ,⊕
n
are assoiative binary opera-
tions on G, is alled a (2, n)-semigroup. Eah its homomorphism into some
(2, n)-semigroup of n-plae funtions (n-ary operations) is alled a represen-
tation by n-plae funtions (respetively, by n-ary operations). We say that
a representation is faithful if it is an isomorphism. A (2, n)-semigroup for
whih there exists faithful representations is alled representable.
In the sequel, all expressions of the form (· · · ((x⊕
i1
y1)⊕
i2
y2) · · ·)⊕
ik
yk
are denoted by x⊕
i1
y1 ⊕
i2
· · · ⊕
ik
yk or by x
ik
⊕
i1
yk1 . The symbol µi(
is
⊕
i1
xs1) de-
notes an element xik
is
⊕
ik+1
xsk+1 if i = ik and i 6= ip for all p < k 6 s.
If i 6= ip for all ip ∈ {i1, . . . , is}, this symbol is empty. For example,
µ1(⊕
2
x⊕
1
y⊕
3
z) = y⊕
3
z, µ2(⊕
2
x⊕
1
y⊕
3
z) = x⊕
1
y⊕
3
z, µ3(⊕
2
x⊕
1
y⊕
3
z) = z.
The symbol µ4(⊕
2
x⊕
1
y⊕
3
z) is empty.
For f, g1, . . . , gn ∈ F(A
n, A), by f [g1 . . . gn] (or shortly by f [g
n
1 ]) we
denote the so-alled Menger superposition [5℄ of n-plae funtions, whih is
defined by the equality
f [g1 . . . gn](a
n
1 ) = f(g1(a
n
1 ), . . . , gn(a
n
1 )), (2)
where a1, . . . , an ∈ A. It is assumed that the left and right hand of (2) are
defined or not defined simultaneously. By In1 , . . . , I
n
n we denote the n-plae
projetors, i.e. n-plae funtions from T (An, A) suh that
Ini (a1, . . . , an) = ai (3)
for all a1, . . . , an ∈ A. It is not diffiult to verify, that for all n-plae funtions
defined on A we have
f [In1 . . . I
n
n ] = f, (4)
Ini [g1 . . . gn] = gi ◦ △pr1 g1∩...∩ pr1 gn , (5)
f ⊕
i
g = f [In1 . . . I
n
i−1 g I
n
i+1 . . . I
n
n ], (6)
f [gn1 ][h
n
1 ] = f [g1[h
n
1 ] . . . gn[h
n
1 ]], (7)
2
(f ⊕
i
g)[hn1 ] = f [h
i−1
1 g[h
n
1 ]h
n
i+1], (8)
f [gn1 ]⊕
i
h = f [(g1⊕
i
h) . . . (gn⊕
i
h)], (9)
g⊕
i
Ini = I
n
i ⊕
i
g = g, (10)
Ink ⊕
i
g = Ink ◦ △pr1 g (11)
for all i, k ∈ {1, . . . , n} and k 6= i, where △H = {(h, h) |h ∈ H} and pr1 g
denotes the domain of g.
Proposition 1. For all f, g1, . . . , gn ∈ F(A
n, A) and ⊕
i1
, . . . ,⊕
is
we have
f
is
⊕
i1
gs1 = f [(I
n
1
is
⊕
i1
gs1) . . . (I
n
n
is
⊕
i1
gs1)]. (12)
Proof. We prove (12) by indution. For s = 1, by (6) and (11), we have
f ⊕
i1
g1 = f [I
n
1 . . . I
n
i1−1
g1 I
n
i1+1
. . . Inn ]
= f [(In1 ◦ △pr1 g1) . . . (I
n
i1−1
◦ △
pr1 g1
)g1 (I
n
i1+1
◦ △
pr1 g1
) . . . (Inn ◦ △pr1 g1)]
= f [(In1 ⊕
i1
g1) . . . (I
n
i1−1
⊕
i1
g1)(I
n
i1
⊕
i1
g1)(I
n
i1+1
⊕
i1
g1) . . . (I
n
n ⊕
i1
g1)]
= f [(In1 ⊕
i1
g1) . . . (I
n
n ⊕
i1
g1)].
Thus, for s = 1, the ondition (12) is valid.
Assume that it is valid for s = k, i.e. that
f
ik
⊕
i1
gk1 = f [(I
n
1
ik
⊕
i1
gk1 ) . . . (I
n
n
ik
⊕
i1
gk1 )].
Then, aording to this assumption and (9), we obtain
f
ik+1
⊕
i1
gk+11 = (f
ik
⊕
i1
gk1 ) ⊕
ik+1
gk+1 = f [(I
n
1
ik
⊕
i1
gk1 ) . . . (I
n
n
ik
⊕
i1
gk1 )] ⊕
ik+1
gk+1
= f [(In1
ik
⊕
i1
gk1 ) ⊕
ik+1
gk+1 . . . (I
n
n
ik
⊕
i1
gk1 ) ⊕
ik+1
gk+1]
= f [(In1
ik+1
⊕
i1
gk+11 ) . . . (I
n
n
ik+1
⊕
i1
gk+11 )],
whih proves (12) for s = k + 1. So, on the basis of the priniple of mathe-
matial indution, it is valid for all natural s.
Proposition 2. The following impliation
n∧
i=1
(
µi(
is
⊕
i1
gs1) = µi(
jk
⊕
j1
hk1)
)
−→ f
is
⊕
i1
gs1 = f
jk
⊕
j1
hk1 (13)
is valid for all f, g1, . . . , gs, h1, . . . , hk ∈ F(A
n, A) and i1, . . . , is, j1, . . . , jk ∈
{1, . . . , n}
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Proof. Assume that the premise of (13) is satisfied. Then {i1, . . . , is} =
{j1, . . . , jk}. Indeed, for i 6∈ {i1, . . . , is}, the symbol µi(
is
⊕
i1
gs1) is empty. So,
µi(
jk
⊕
j1
hk1) also is empty. Thus i 6∈ {j1, . . . , jk}.
If an1 ∈ pr1 (f
is
⊕
i1
gs1), then, aording to (12), we have
(f
is
⊕
i1
gs1)(a
n
1 ) = f [(I
n
1
is
⊕
i1
gs1) . . . (I
n
n
is
⊕
i1
gs1)](a
n
1 )
= f((In1
is
⊕
i1
gs1)(a
n
1 ), . . . , (I
n
n
is
⊕
i1
gs1)(a
n
1 ))
= f(µ′1(
is
⊕
i1
gs1)(a
n
1 ), . . . , µ
′
n(
is
⊕
i1
gs1)(a
n
1 )),
where µ′i(
is
⊕
i1
gs1)(a
n
1 ) is equal to ai for i 6∈ {i1, . . . , is}, and µi(
is
⊕
i1
gs1)(a
n
1 ) for
i ∈ {i1, . . . , is}. As {i1, . . . , is} = {j1, . . . , jk} and the premise of (13) is
satisfied, then
µ′i(
is
⊕
i1
gs1)(a
n
1 ) = µ
′
i(
jk
⊕
j1
hk1)(a
n
1 ),
for all i = 1, . . . , n. Hene
f
is
⊕
i1
gs1(a
n
1 ) = f(µ
′
1(
is
⊕
i1
gs1)(a
n
1 ), . . . , µ
′
n(
is
⊕
i1
gs1)(a
n
1 ))
= f(µ′1(
jk
⊕
j1
hk1)(a
n
1 ), . . . , µ
′
n(
jk
⊕
j1
hk1)(a
n
1 )) = (f
jk
⊕
j1
hk1)(a
n
1 ),
whih proves the inlusion
3 f
is
⊕
i1
gs1 ⊂ f
jk
⊕
j1
hk1 . The onverse inlusion an be
proved analogously. So, the impliation (13) is valid.
Basing on the above two propositions we an prove the following theorem,
whih was early proved in [6℄ for n-ary operations.
Theorem 1. A (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) has a faithful representation
by partial n-plae funtions if and only if for all g, x1, . . . , xs, y1, . . . , yk ∈ G
and i1, . . . , is, j1, . . . , jk ∈ {1, . . . , n} the following impliation
n∧
i=1
(
µi(
is
⊕
i1
xs1) = µi(
jk
⊕
j1
yk1 )
)
−→ g
is
⊕
i1
xs1 = g
jk
⊕
j1
yk1 (14)
is satisfied.
Proof. The neessity of the ondition (14) follows from Proposition 2. The
proof of the suffiieny is based on the modifiation on the onstrution
3
Remind that f ⊂ g if and only if pr1 f ⊂ pr1 g and f(x) = g(x) for x ∈ pr1 f .
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used in the proof of Theorem 3 from [6℄, where the analogous result was
proved for n-ary operations. Let (G;⊕
1
, . . . ,⊕
n
) be a (2, n)-semigroup and
let G ∗ = G ∪ {e1, . . . , en}, where elements e1, . . . , en 6∈ G are fixed. For
x1, . . . , xs ∈ G, i1, . . . , is ∈ {1, . . . , n} and i = 1, . . . , n, by µ
∗
i (
is
⊕
i1
xs1) we
denote the element of G ∗ suh that
µ∗i (
is
⊕
i1
xs1) =

 µi(
is
⊕
i1
xs1) if i ∈ {i1, . . . , is},
ei if i 6∈ {i1, . . . , is}.
Consider the set An = Bn ∪ {(e1, . . . , en)}, where Bn is the olletion
of all n-tuples (x1, . . . , xn) ∈ (G
∗)n for whih there exist y1, . . . , ys ∈ G and
i1, . . . , is ∈ {1, . . . , n} suh that xi = µ
∗
i (
is
⊕
i1
ys1). Next, for every g ∈ G we
define n-plae funtion λ∗g : (G
∗)n → G ∗ putting
λ∗g(x
n
1 ) =

 g
is
⊕
i1
ys1, if (x1, . . . , xn) ∈ Bn,
g if (x1, . . . , xn) = (e1, . . . , en).
For other elements of (G ∗)n this funtion is not defined.
The mapping P : g 7→ λ∗g is a faithful representation of (G;⊕
1
, . . . ,⊕
n
) by
suh defined n-plae funtions. Indeed, if (x1, . . . , xn) ∈ Bn, then
λ∗g1 ⊕
i
g2
(xn1 ) = (g1⊕
i
g2)
is
⊕
i1
ys1.
But for i ∈ {i, i1, . . . , is}, we have
µ∗i (⊕
i
g2
is
⊕
i1
ys1) = µi(⊕
i
g2
is
⊕
i1
ys1) = g2
is
⊕
i1
ys1 = λ
∗
g2
(xn1 )
and µ∗k(⊕
i
g2
is
⊕
i1
ys1) = µk(
is
⊕
i1
ys1) = xk for all k 6= i. This means that
(xi−11 , λ
∗
g2
(xn1 ), x
n
i+1) ∈ Bn and in the onsequene
g1⊕
i
g2
is
⊕
i1
ys1 = λ
∗
g1
(xi−11 , λ
∗
g2
(xn1 ), x
n
i+1) = λ
∗
g1
⊕
i
λ∗g2(x
n
1 ).
Thus λ∗g1 ⊕
i
g2
(xn1 ) = λ
∗
g1
⊕
i
λ∗g2(x
n
1 ) for all (x1, . . . , xn) ∈ Bn.
In the ase (x1, . . . , xn) = (e1, . . . , en) we have λ
∗
g1 ⊕
i
g2
(en1 ) = g1⊕
i
g2 and
λ∗g2(e
n
1 ) = g2 = µi(⊕
i
g2) = µ
∗
i (⊕
i
g2). Sine µ
∗
k(⊕
i
g2) = ek for k 6= i, the
element (ei−11 , λ
∗
g2
(en1 ), e
n
i+1) lies in Bn and λ
∗
g1
(ei−11 , λ
∗
g2
(en1 ), e
n
i+1) = g1⊕
i
g2.
So, λ∗g1 ⊕
i
g2
(en1 ) = λ
∗
g1
⊕
i
λ∗g2(e
n
1 ). Thus, in any ase we have P (g1⊕
i
g2) =
5
P (g1)⊕
i
P (g2), whih ompletes the proof that P is a homomorphism. Hene
P is a representation of (G;⊕
1
, . . . ,⊕
n
) by partial n-plae funtions.
This representation is faithful beause P (g1) = P (g2), i.e. λ
∗
g1
= λ∗g2 ,
implies λ∗g1(e
n
1 ) = λ
∗
g2
(en1 ), whene g1 = g2.
Theorem 2. Every (2, n)-semigroup satisfying the ondition (14) has a
faithful representation by full n-plae funtions.
Proof. Let (G;⊕
1
, . . . ,⊕
n
) be some (2, n)-semigroup. By Theorem 1 it is iso-
morphi to some (2, n)-semigroup (Φ;⊕
1
, . . . ,⊕
n
) of partial n-plae funtions,
where Φ ⊂ F(An, A). Consider now the set A0 = A∪ {c}, where c 6∈ A, and
the extension f0 of f ∈ Φ defined in the following way:
f0(xn1 ) =
{
f(xn0 ) if (x1, . . . , xn) ∈ pr1 f,
c if (x1, . . . , xn) 6∈ pr1 f
for all x1, . . . , xn ∈ A0. It is lear that f0 is a full n-plae funtion on A0.
Let us show that the mapping f 7→ f0 is an isomorphism of (Φ;⊕
1
, . . . ,⊕
n
)
onto (Φ0;⊕
1
, . . . ,⊕
n
), where Φ0 = {f
0 | f ∈ Φ}. Indeed, if f, g ∈ Φ, then in
the ase (x1, . . . , xn) ∈ pr1 (f ⊕
i
g) we have (f ⊕
i
g)0(xn1 ) = f ⊕
i
g(xn1 ) and
(x1, . . . , xn) ∈ pr1 g, (x
i−1
1 , g(x
n
1 ), x
n
i+1) ∈ pr1 f. Hene g
0(xn1 ) = g(x
n
1 ), and
in the onsequene
f0⊕
i
g0(xn1 ) = f
0(xi−11 , g
0(xn1 ), x
n
i+1) = f
0(xi−11 , g(x
n
1 ), x
n
i+1)
= f(xi−11 , g(x
n
1 ), x
n
i+1) = f ⊕
i
g(xn1 ).
Thus (f ⊕
i
g)0(xn1 ) = f
0⊕
i
g0(xn1 ).
In the ase when (x1, . . . , xn) 6∈ pr1 (f ⊕
i
g) we have (f ⊕
i
g)0(xn1 ) = c and
(x1, . . . , xn) 6∈ pr1 g, or (x1, . . . , xn) ∈ pr1 g and (x
i−1
1 , g(x
n
1 ), x
n
i+1) 6∈ pr1 f .
If (x1, . . . , xn) 6∈ pr1 g, then g
0(xn1 ) = c and
f0⊕
i
g0(xn1 ) = f
0(xi−11 , g
0(xn1 ), x
n
i+1) = f
0(xi−11 , c, x
n
i+1) = c.
If (x1, . . . , xn) ∈ pr1 g and (x
i−1
1 , g(x
n
1 ), x
n
i+1) 6∈ pr1 f , then g
0(xn1 ) = g(x
n
0 )
and
f0⊕
i
g0(xn1 ) = f
0(xi−11 , g
0(xn1 ), x
n
i+1) = f
0(xi−11 , g(x
n
1 ), x
n
i+1) = c.
So, in all ases (f ⊕
i
g)0(xn1 ) = f
0⊕
i
g0(xn1 ) for all (x1, . . . , xn) ∈ A
n
0 . Thus,
the mapping f 7→ f0 is a homomorphism.
If f0 = g0 for some f, g ∈ Φ, then pr1 f = pr1 g and f(x
n
1 ) = g(x
n
1 ) for
all xn1 ∈ pr1 f, i.e. f = g. So, f 7→ f
0
is an isomorphism.
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Definition 1. A (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) is alled unitary, if it on-
tains seletors, i.e. suh elements e1, . . . , en for whih the equalities
g⊕
i
ei = ei⊕
i
g = g, (15)
ek ⊕
i
g = ek (16)
are valid for all g ∈ G and i, k ∈ {1, . . . , n}, where i 6= k.
Let (G;⊕
1
, . . . ,⊕
n
) be a (2, n)-semigroup. We say that a unitary (2, n)-
semigroup (G ∗,⊕
1
, . . . ,⊕
n
) with seletors e1, . . . , en is a unitary extension of
a (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
), if
(a) G ⊂ G ∗,
(b) G ∩ {e1, . . . , en} = ∅,
() G∪{e1, . . . , en} is a generating set of a (2, n)-semigroup (G
∗,⊕
1
, . . . ,⊕
n
).
Theorem 3. Every representable (2, n)-semigroup an be isomorphially
embedded into a unitary extension of some (2, n)-semigroup.
Proof. By Theorem 1 every representable (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
)
satisfies the ondition (14). By Theorem 2 it is isomorphi to some (2, n)-
semigroup (Φ0;⊕
1
, . . . ,⊕
n
) of full n-plae funtions on some set A0.
Consider the set {In1 , . . . , I
n
n} of n-plae projetors on A0 and the family
of subsets (Fk(Φ0))k∈N satisfying the following two onditions:
1) F0(Φ0) = Φ0 ∪ {I
n
1 , . . . , I
n
n},
2) f, g ∈ Fk(Φ0) −→ f ⊕
i
g ∈ Fk+1(Φ0).
Obviously {In1 , . . . , I
n
n} ⊂ Fk(Φ0) for every k ∈ N. Moreover, if f ∈ Fk(Φ0),
then f = f ⊕
i
Ini ∈ Fk+1(Φ0). So, Φ0 ⊂ Fk(Φ0) ⊂ Fk+1(Φ0) for every k ∈ N.
Now let Φ∗ =
∞⋃
k=0
Fk(Φ0). Then Φ0 ∪ {I
n
1 , . . . , I
n
n} = F0(Φ0) ⊂ Φ
∗
and
{In1 , . . . , I
n
n} ∩ Φ0 = ∅. If f ∈ Fn(Φ0), g ∈ Fm(Φ0) for some n,m ∈ N, then
f, g ∈ Fk(Φ0), where k = max(n,m). Therefore f ⊕
i
g ∈ Fk+1(Φ0) ⊂ Φ
∗
.
This means that the set Φ∗ is losed with respet to the operations ⊕
1
, . . . ,⊕
n
and ontains the seletors In1 , . . . , I
n
n . Hene (Φ
∗;⊕
1
, . . . ,⊕
n
) is a unitary
extension of a (2, n)-semigroup (Φ0;⊕
1
, . . . ,⊕
n
).
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Let (Pi)i∈I be the family of representations of a (2, n)-semigroup
(G;⊕
1
, . . . ,⊕
n
) by n-plae funtions defined on sets (Ai)i∈I , respetively. By
the union of this family we mean the mapping P : g 7→ P (g), where g ∈ G,
and P (g) is an n-plae funtion on A =
⋃
i∈I
Ai defined by
P (g) =
⋃
i∈I
Pi(g) .
If Ai ∩ Aj = ∅ for all i, j ∈ I, i 6= j, then P is alled the sum of (Pi)i∈I
and is denoted by P =
∑
i∈I Pi. It is not diffiult to see that the sum of
representations is a representation, but the union of representations may not
be a representation.
Let (G;⊕
1
, . . . ,⊕
n
) be a (2, n)-semigroup. A binary relation ρ ⊂ G×G is
alled
• v-regular, if
n∧
i=1
(xi, yi) ∈ ρ −→ (g
is
⊕
i1
us1 , g
jk
⊕
j1
vk1 ) ∈ ρ
for all g ∈ G and xi = µi(
is
⊕
i1
us1), yi = µi(
jk
⊕
j1
vk1 ), i = 1, . . . , n, where
u1, . . . , us ∈ G, v1, . . . , vk ∈ G,
• l-regular, if
(x, y) ∈ ρ −→ (x⊕
i
z , y⊕
i
z) ∈ ρ
for all x, y, z ∈ G, i = 1, . . . , n,
• v-negative, if (
x
is
⊕
i1
yn1 , µi(
is
⊕
i1
ys1)
)
∈ ρ
for all i ∈ {i1, . . . , is} and x, y1, . . . , ys ∈ G.
A nonempty subset W of G is alled an l-ideal, if the impliation
g
is
⊕
i1
xs1 6∈W −→ µi(
is
⊕
i1
xs1) 6∈W
is valid for all g, x1, . . . , xs ∈ G and i ∈ {i1, . . . , is} ⊂ {1, . . . , n}.
By a determining pair of a (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) we mean an
ordered pair (E ,W ), where E is a symmetri and transitive binary rela-
tion defined on a unitary extension (G ∗;⊕
1
, . . . ,⊕
n
) of a (2, n)-semigroup
(G;⊕
1
, . . . ,⊕
n
) and W is a subset of G ∗ suh that
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1) G ∪ {e1, . . . , en} ⊂ pr1 E ,
2) {e1, . . . , en} ∩W = ∅,
3)
n∧
i=1
ei ≡ xi(E) −→ g ≡ g
is
⊕
i1
ys1(E), where xi = µi(
is
⊕
i1
ys1), i = 1, . . . , n,
y1, . . . , ys ∈ G
∗
,
4)
n∧
i=1
xi ≡ yi(E) −→ g
is
⊕
i1
us1 ≡ g
jk
⊕
j1
vk1 (E) for all g ∈ G, xi = µi(
is
⊕
i1
us1) ∈
G, yi = µi(
jk
⊕
j1
vk1 ), i = 1, . . . , n, where u1, . . . , us ∈ G
∗, v1, . . . , vk ∈ G
∗,
5) if W 6= ∅, then W is an E-lass and W ∩G is an l-ideal of G.
Let (Ha)a∈A be a olletion of E-lasses (uniquely indexed by elements
of A) suh that Ha 6= W and Ha ∩ (G ∪ {e1, . . . , en}) 6= ∅ for all a ∈ A.
Consider the set A of elements (a1, . . . , an) ∈ A
n
satisfying one from the
following onditions
(a) Hai = E〈µ
∗(
is
⊕
i1
ys1)〉 for all i = 1, . . . , n and some y1, . . . , ys ∈ G,
4
(b) Hai = E〈ei〉 for all i = 1, . . . , n.
Next, using this set, for eah element g ∈ G, we define an n-plae funtion
P(E,W )(g) on A putting
(an1 , b) ∈ P(E,W )(g) ←→ (a1, . . . , an) ∈ A ∧

g
is
⊕
i2
ys1 ∈ Hb if holds (a),
g ∈ Hb if holds (b).
Proposition 3. If a (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) is representative, then
a mapping g 7→ P(E,W )(g), where (E ,W ) is its determining pair, is a repre-
sentation of this (2, n)-semigroup by n-plae funtions.
Proof. We must show that
P(E,W )(g1⊕
i
g2) = P(E,W )(g1)⊕
i
P(E,W )(g2) (17)
for all g1, g2 ∈ G and i = 1, . . . , n.
Let (an1 , b) ∈ P(E,W )(g1⊕
i
g2) for some i = 1, . . . , n. Then, aording to
the definition of P(E,W ), we have (a1, . . . , an) ∈ A. In the ase (a), we have
also (g1⊕
i
g2)
is
⊕
i1
ys1 ∈ Hb. But Hb∩W = ∅, so, (g1⊕
i
g2)
is
⊕
i1
ys1 6∈W. Therefore
4 E〈x〉 denotes the E-lass of x.
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µ∗i (⊕
i
g2
is
⊕
i1
ys1) 6∈ W , i.e. g2
is
⊕
i1
ys1 6∈ W , beause W is an l-ideal. Assume that
g2
is
⊕
i1
ys1 ∈ Hc. Sine
µ∗k(⊕
i
g2
is
⊕
i1
ys1) = µ
∗
k(
is
⊕
i1
ys1) 6∈W for k 6= i,
we have (ai−11 , c, a
n
i+1) ∈ A, whih, together with (a
n
1 , c) ∈ P(E,W )(g2), implies
(an1 , b) ∈ P(E,W )(g1)⊕
i
P(E,W )(g2).
In the ase (b) we obtain g1⊕
i
g2 ∈ Hb. Thus g2 6∈ W, and in the onse-
quene, g2 ∈ Hc for some c ∈ A. Therefore (a
i−1
1 , c, a
n
i+1) ∈ A, whene
(ai−11 c a
n
i+1, b) ∈ P(E,W )(g1) and (a
n
1 , c) ∈ P(E,W )(g2).
Consequently (an1 , b) ∈ P(E,W )(g1)⊕
i
P(E,W )(g2), whih shows that the inlu-
sion
P(E,W )(g1⊕
i
g2) ⊂ P(E,W )(g1)⊕
i
P(E,W )(g2)
is valid in any ase.
Now let (an1 , b) ∈ P(E,W )(g1)⊕
i
P(E,W )(g2). Then there exists c ∈ A suh
that (an1 , c) ∈ P(E,W )(g2) and (a
i−1
1 c a
n
i+1, b) ∈ P(E,W )(g1).
If Hai = E〈ei〉 for all i = 1, . . . , n, then g2 ∈ Hc. Thus (a
i−1
1 , c, a
n
i+1) ∈ A
and g1⊕
i
g2 ∈ Hb, whene (a
n
1 , b) ∈ P(E,W )(g1⊕
i
g2).
If Hai = E〈µ
∗(
is
⊕
i1
ys1)〉 for all i = 1, . . . , n and some y1, . . . , ys ∈ G, then
Hb = E〈g1⊕
i
g2
is
⊕
i1
ys1〉, beause Hc = E〈g2
i2
⊕
i1
ys1〉 = E〈µ
∗
i (⊕
i
g2
is
⊕
i1
ys1)〉 and
Hk = E〈µ
∗
i (
is
⊕
i1
ys1)〉 = E〈µ
∗
i (⊕
i
g2
is
⊕
i1
ys1)〉, k 6= i.
Therefore (an1 , b) ∈ P(E,W )(g1⊕
i
g2). So,
P(E,W )(g1)⊕
i
P(E,W )(g2) ⊂ P(E,W )(g1⊕
i
g2),
whih, together with the previous inlusion, proves (17).
Aording to [5℄, the representation P(E,W ), uniquely determined by the
pair (E ,W ), will be alled simplest.
Theorem 4. Any representation of a (2, n)-semigroup by n-plae funtions
is a union of some family of its simplest representations.
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Proof. Let P be a representation of a (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) by n-
plae funtions defined on A, and let c 6∈ A be some fixed element. For every
g ∈ G we define on A0 = A ∪ {c} an n-plae funtion P
∗(g) putting:
P ∗(g) =
{
P (g)(an1 ) if (a1, . . . , an) ∈ pr1 P (g),
c if (a1, . . . , an) 6∈ pr1 P (g).
It is not diffiult to see that P ∗ is a representation of (G;⊕
1
, . . . ,⊕
n
) by n-plae
funtions defined on A0, and P (g) 7→ P
∗(g), where g ∈ G, is an isomorphism
of (P (G);⊕
1
, . . . ,⊕
n
) onto (P ∗(G);⊕
1
, . . . ,⊕
n
). Beause G ∪ {e1, . . . , en} is a
generating set of a unitary extension (G∗;⊕
1
, . . . ,⊕
n
) with seletors e1, . . . , en,
then putting P ∗(ei) = I
n
i , i = 1, . . . , n, where I
n
i is the i-th n-plae projetor
of A0, we obtain a unique extension of P
∗
from G to G∗.
For any (a1, . . . , an) ∈ A
n
we define on G∗ an equivalene Θan1 suh that
x ≡ y(θan1 )←→ P
∗(x)(an1 ) = P
∗(y)(an1 ).
This equivalene is v-regular. Indeed, if xi ≡ yi(θan1 ), i.e. P
∗(xi)(a
n
1 ) =
P ∗(yi)(a
n
1 ) for i = 1, . . . , n, then for g ∈ G and xi = µi(
is
⊕
i1
us1), yi = µi(
jk
⊕
j1
vk1 ),
i = 1, . . . , n, by Proposition 1, we have
P ∗(g
is
⊕
v1
us1)(a
n
1 ) = P
∗(g)⊕
i1
P ∗(u1)⊕
i2
. . .⊕
is
P ∗(us)(a
n
1 )
= P ∗(g)
[(
In1 ⊕
i1
P ∗(u1)⊕
i2
. . .⊕
is
P ∗(us)
)
. . .
. . .
(
Inn ⊕
i1
P ∗(u1)⊕
i2
. . .⊕
is
P ∗(us)
)]
(an1 )
= P ∗(g)
(
P ∗(µ1(
is
⊕
i1
us1))(a
n
1 ) , . . . , P
∗(µn(
is
⊕
i1
us1))(a
n
1 )
)
= P ∗(g)
(
P ∗(x1)(a
n
1 ) , . . . , P
∗(xn)(a
n
1 )
)
= P ∗(g)
(
P ∗(y1)(a
n
1 ) , . . . , P
∗(yn)(a
n
1 )
)
= . . . = P ∗(g
jk
⊕
j1
vk1 )(a
n
1 ).
So, g
is
⊕
i1
us1 ≡ g
jk
⊕
j1
vk1 (θan1 ). This proves the v-regularity of the equivalene
θan1 . All subsets of the form
H
an1
b = {x ∈ G
∗ | (an1 , b) ∈ P
∗(x)}
are, of ourse, the equivalene lasses of this relation. Moreover, the pair
(Ean1 ,Wan1 ), where
Ean1 = θan1 ∩ θan1
(
G ∪ {e1, . . . , en}
)
× θan1
(
G ∪ {e1, . . . , en}
)
,
Wan1 = {x ∈ G
∗ |P ∗(x)(an1 ) = c},
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is a determining pair of a (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
).
We prove that a representation P is a union of the family of simplest rep-
resentations Pan1 of (G;⊕1
, . . . ,⊕
n
) indued by a determining pair (Ean1 ,Wan1 ),
i.e. that
P (g) =
⋃
an
1
∈An
Pan1 (g) (18)
for every g ∈ G. Indeed, if (bn1 , d) ∈ P (g), then g ∈ H
bn1
d , where b
n
1 ∈ A
n,
d ∈ A. But ei ∈ H
bn1
bi
, i = 1, . . . , n, and g ∈ H
bn1
d , imply, aording to the
definition, (bn1 , d) ∈ Pbn1 (g). Therefore (b
n
1 , d) ∈
⋃
an1∈A
n
Pan1 (g). So,
P (g) ⊂
⋃
an1∈A
n
Pan1 (g).
Conversely, if (bn1 , d) ∈ Pan1 (g) for some a
n
1 ∈ A
n
, then g
is
⊕
i1
ys1 ∈ H
an1
d
(for H
an1
bi
= Ean1 〈µ
∗
i (
is
⊕
i1
ys1)〉, i = 1, . . . , n), or g ∈ H
an1
d (for H
an1
bi
= Ean1 〈ei〉,
i = 1, . . . , n, where bn1 ∈ A
n
).
For µ∗i (
is
⊕
i1
ys1) ∈ H
an1
bi
we have bi = P
(
µ∗i (
is
⊕
i1
ys1)
)
(an1 ), i = 1, . . . , n. From
g
is
⊕
i1
ys1 ∈ H
an1
d we obtain d = P
(
g
is
⊕
i1
ys1
)
(an1 ). But P is a homomorphism, so,
d = P (g)
(
P
(
µ∗1(
is
⊕
i1
ys1)
)
(an1 ), . . . , P
(
µ∗n(
is
⊕
i1
ys1)
)
(an1 )
)
= P (g)(bn1 ).
Hene (bn1 , c) ∈ P (g).
For ei ∈ H
an1
bi
, i = 1, . . . , n, we get (an1 , bi) ∈ P
∗(ei) = I
n
i , i = 1, . . . , n,
whene ai = bi for all i = 1, . . . , n. So, g ∈ H
bn1
d , i.e. (b
n
1 , d) ∈ P (g).
Thus, in these both ases we have⋃
an1∈A
n
Pan1 (g) ⊂ P (g).
whih, together with the previous inlusion, proves (18).
Let P be a representation of a (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) by n-plae
funtions. Define on G two binary relations χ
P
and ε
P
putting
(g1, g2) ∈ χP ←→ pr1 P (g1) ⊂ pr1 P (g2),
(g1, g2) ∈ εP ←→ P (g1) = P (g2).
12
It is not diffiult to see that the relation χ
P
is reflexive and transitive, i.e. it
is a quasi-order. The relation ε
P
is an equivalene on G. If a representation
P is faithful, then ε
P
= △G = {(g, g) | g ∈ G}. In the ase when P is a
representation by full n-plae funtions, we have χ
P
= G×G. Moreover, if
P is a sum of a family (Pi)i∈I of representations Pi, then
χ
P
=
⋂
i∈I
χ
Pi
and ε
P
=
⋂
i∈I
ε
Pi
. (19)
Following [5℄ an algebrai system (Φ;⊕
1
, . . . ,⊕
n
, χ
Φ
), where (Φ;⊕
1
, . . . ,⊕
n
)
is a (2, n)-semigroup of n-plae funtions on a set A and
χ
Φ
= {(f, g) ∈ Φ× Φ |pr1 f ⊂ pr1 g},
is alled a projetion quasi-ordered (2, n)-semigroup of n-plae funtions. It
is haraterized by the following theorem.
Theorem 5. An algebrai system (G;⊕
1
, . . . ,⊕
n
, χ), where (G;⊕
1
, . . . ,⊕
n
) is a
(2, n)-semigroup, χ is a binary relation on G, is isomorphi to a projetion
quasi-ordered (2, n)-semigroup of n-plae funtions if an only if it satisfies
the ondition (14) and χ is an l-regular, v-negative quasi-order.
Proof. Neessity. Let (Φ;⊕
1
, . . . ,⊕
n
, χ
Φ
) be a projetion quasi-ordered (2, n)-
semigroup of n-plae funtions. It is lear, that the relation χ
Φ
is reflexive
and transitive, i.e. it is a quasi-order. By Theorem 1 the ondition (14) is
satisfied.
Assume that for some f, g ∈ Φ we have (f, g) ∈ χ
Φ
, i.e. pr1 f ⊂ pr1 g.
If (a1, . . . , an) ∈ pr1 (f ⊕
i
h), where h ∈ Φ, then there exists c ∈ A suh
that (an1 , c) ∈ f ⊕
i
H, whene (an1 , b) ∈ h and (a
i−1
1 b a
n
i+1, c) ∈ f for some
b ∈ A. So, (ai−11 b a
n
i+1) ∈ pr1 f. Therefore (a
i−1
1 b a
n
i+1) ∈ pr1 g, whene
(ai−11 b a
n
i+1, d) ∈ g for some d ∈ A. Thus, (a
n
1 , b) ∈ h and (a
i−1
1 b a
n
i+1, d) ∈ g.
Hene (an1 , d) ∈ g⊕
i
h, i.e. (a1, . . . , an) ∈ pr1 (g⊕
i
h), whih proves the inlu-
sion pr1 (f ⊕
i
h) ⊂ pr1 (g⊕
i
h). So, the relation χ
Φ
is l-regular.
Now let (a1, . . . , an) ∈ pr1 (f
is
⊕
i1
gs1) for some f, g1, . . . , gs ∈ Φ. This means
that f
is
⊕
i1
gs1〈a
n
1 〉 6= ∅.
5
Thus, aording to (12), we obtain
∅ 6= f
is
⊕
i1
gs1〈a
n
1 〉 = f [(I
n
1
is
⊕
i1
gs1) . . . (I
n
n
is
⊕
i1
gs1)]〈a
n
1 〉
= f
(
In1
is
⊕
i1
gs1〈a
n
1 〉 , . . . , I
n
n
is
⊕
i1
gs1〈a
n
1 〉
)
,
5
The expression f〈an1 〉 denotes the set {f(a
n
1 )}, if (a1, . . . , an) ∈ pr1f , and empty set,
if (a1, . . . , an) 6∈ pr1f .
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where In1 , . . . , I
n
n are n-plae projetors on A. Hene I
n
i
is
⊕
i1
gs1〈a
n
1 〉 6= ∅ for
any i ∈ {i1, . . . , is}. Thus µi(
is
⊕
i1
gs1)〈a
n
1 〉 6= ∅, i.e. (a1, . . . , an) ∈ pr1 µi(
is
⊕
i1
gs1).
This shows that the relation χ
Φ
is v-negative.
Suffiieny. Let all the onditions of the theorem will be satisfied by
an algebrai system (G;⊕
1
, . . . ,⊕
n
, χ) and let G∗ = G ∪ {e1, . . . , en}, where
e1, . . . , en 6∈ G. Consider the set B0 defined in the following way:
(x1, . . . , xn) ∈ B0 ←→ (∀i = 1, . . . , n) xi = µ
∗
i (
is
⊕
i1
ys1)
for some y1, . . . , ys ∈ G, i1, . . . , is ∈ {1, . . . , n}, where µ
∗
i (
is
⊕
i1
ys1) denotes an
element from G∗ defined in the proof of Theorem 1.
Let a ∈ G be fixed. For every g ∈ G we define an n-plae funtion Pa(g)
from B = B0 ∪ {(e1, . . . , en)} to G putting
Pa(g)(x
n
1 ) =


g
is
⊕
i1
ys1 if xi = µ
∗
i (
is
⊕
i1
ys1), i = 1, . . . , n, and a ⊏ g
is
⊕
i1
ys1
for some y1, . . . , ys ∈ G,
g if (x1, . . . , xn) = (e1, . . . , en) and a ⊏ g,
where (x1, . . . , xn) ∈ B and a ⊏ g ←→ (a, g) ∈ χ. It is lear that Pa(g) is a
partial n-plae funtion on G∗.
Let us show that Pa : g 7→ Pa(g) is a homomorphism, i.e. we verify the
identity
Pa(g1⊕
i
g2) = Pa(g1)⊕
i
Pa(g2). (20)
For this onsider g1, g2 ∈ G, (x1, . . . , xn) ∈ B and (x
n
1 , y) ∈ Pa(g1⊕
i
g2),
where y ∈ G.
1) If (x1, . . . , xn) ∈ B0, i.e. xi = µ
∗
i (
is
⊕
i1
ys1), i = 1, . . . , n, for some
y1, . . . , ys ∈ G and i1, . . . , is ∈ {1, . . . , n}, then evidently
a ⊏ y = (g1⊕
i
g2)
is
⊕
i1
ys1 . (21)
But i ∈ {i, i1, . . . , is}, so
µ∗i (⊕
i
g2
is
⊕
i1
ys1) = µi(⊕
i
g2
is
⊕
i1
ys1) = g2
is
⊕
i1
ys1 . (22)
Therefore, by the v-negativity of χ, from (21) we dedue
a ⊏ (g1⊕
i
g2)
is
⊕
i1
ys1 ⊏ µi(⊕
i
g2
is
⊕
i1
ys1) = g2
is
⊕
i1
ys1 .
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Hene a ⊏ g2
is
⊕
i1
ys1 , i.e. Pa(g2)(x
n
1 ) = g2
is
⊕
i1
ys1. For k 6= i we have obviously
µ∗k(⊕
i
g2
is
⊕
i1
ys1) = µ
∗
k(
is
⊕
i1
ys1) = xk, k = 1, . . . , n,
whih together with (22) implies (xi−11 , g2
is
⊕
i1
ys1, x
n
i+1) ∈ B0. Thus, by (21),
we obtain
Pa(g1)(x
i−1
1 , g2
is
⊕
i1
ys1, x
n
i+1) = g1⊕
i
g2
is
⊕
i1
ys1 = y,
i.e. Pa(g1)
(
xi−11 , Pa(g2)(x
n
1 ), x
n
i+1
)
= y. So, Pa(g1)⊕
i
Pa(g2)(x
n
1 ) = y, and in
the onsequene, (xn1 , y) ∈ Pa(g1)⊕
i
Pa(g2).
2) If (x1, . . . , xn) = (e1, . . . , en), then a ⊏ y = g1⊕
i
g2. We have also
g1⊕
i
g2 ⊏ g2, µ
∗
i (⊕
i
g2) = g2 and µ
∗
k(⊕
i
g2) = ek for k 6= i, k = 1, . . . , n.
From the above we obtain Pa(g2)(e1, . . . , en) = g2, (e
i−1
1 , g2, e
n
i+1) ∈ B0 and
Pa(g1)(e
i−1
1 , g2, e
n
i+1) = g1⊕
i
g2. Thus Pa(g1)
(
ei−11 , Pa(g2)(e
n
1 ), e
n
i+1
)
= y,
whene (en1 , y) ∈ Pa(g1)⊕
i
Pa(g2).
In this way, we have shown that in both ases (xn1 , y) ∈ Pa(g1)⊕
i
Pa(g2).
This proves the inlusion Pa(g1⊕
i
g2) ⊂ Pa(g1)⊕
i
Pa(g2).
To prove the onverse inlusion, let (xn1 , y) ∈ Pa(g1)⊕
i
Pa(g2). Then
there exists z ∈ G suh that
(xn1 , z) ∈ Pa(g2), (23)
(xi−11 z x
n
i+1, y) ∈ Pa(g1). (24)
1) If (x1, . . . , xn) ∈ B0, then xi = µ
∗
i (
is
⊕
i1
ys1), i = 1, . . . , n, for some
y1, . . . , ys ∈ G, i1, . . . , is ∈ {1, . . . , n}. So, from (23) we get a ⊏ z = g2
is
⊕
i1
ys1.
Beause µ∗i (⊕
i
g2
is
⊕
i1
ys1) = g2
is
⊕
i1
ys1 = z and µ
∗
k(⊕
i
g2
is
⊕
i1
ys1) = µ
∗
k(
is
⊕
i1
ys1) = xk
for k 6= i, k = 1, . . . , n, the ondition (24) an be written in the form
a ⊏ y = g1⊕
i
g2
is
⊕
i1
ys1, whih is equivalent to (x
n
1 , y) ∈ Pa(g1⊕
i
g2).
2) If (x1, . . . , xn) = (e1, . . . , en), then (23) gives a ⊏ z = g2. Similarly,
(24) implies (ei−11 , g2, e
n
i+1) ∈ Pa(g1). But (e
i−1
1 , g2, e
n
i+1) ∈ B0, therefore
Pa(g1)(e
i−1
1 , g2, e
n
i+1) = g1⊕
i
g2 = y, i.e. a ⊏ y = g1⊕
i
g2, whih means that
(en1 , y) ∈ Pa(g1⊕
i
g2).
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So, in both ases we have Pa(g1)⊕
i
Pa(g2) ⊂ Pa(g1⊕
i
g2), whih together
with the previous inlusion proves (20). Thus, Pa is a representation of a
(2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) by n-plae funtions.
Let P0 be the sum of the family of representations (Pa)a∈G, i.e.
P0 =
∑
a∈G
Pa . (25)
Then, of ourse, P0 also is a representation of this (2, n)-semigroup by n-
plae funtions.
Now we show that χ = χ
P0
. Indeed, if (g1, g2) ∈ χP0 , then, by (19), we
have (g1, g2) ∈
⋂
a∈G
χ
Pa
, i.e. pr1 Pa(g1) ⊂ pr1 Pa(g2) for every a ∈ G, whih
means that
(∀a ∈ G)(∀xn1 ∈ B)
(
(x1, . . . , xn) ∈ pr1 Pa(g1) −→ (x1, . . . , xn) ∈ pr1 Pa(g2)
)
.
This, in partiular, for (x1, . . . , xn) = (e1, . . . , en) shows that
(∀a ∈ G)
(
(∃y ∈ G)(en1 , y) ∈ Pa(g1) −→ (∃z ∈ G)(e
n
1 , z) ∈ Pa(g2)
)
,
whih means that
(∀a ∈ G)(∀y ∈ G)(a ⊏ y = g1 −→ (∃z ∈ G)a ⊏ z = g2).
So,
(∀a ∈ G)(∀g1 ∈ G)
(
a ⊏ g1 −→ a ⊏ g2
)
.
Aording to the reflexivity of χ, the last ondition implies g1 ⊏ g2, i.e.
(g1, g2) ∈ χ. So, χP0 ⊂ χ.
Conversely, let (g1, g2) ∈ χ, a ∈ G and (x1, . . . , xn) ∈ pr1 Pa(g1). If
(x1, . . . , xn) ∈ B0, then a ⊏ g1
is
⊕
i1
ys1, where xi = µ
∗
i (
is
⊕
i1
ys1), i = 1, . . . , n.
Sine χ is l-regular, g1 ⊏ g2 implies g1
is
⊕
i1
ys1 ⊏ g2
is
⊕
i1
ys1. Thus a ⊏ g2
is
⊕
i1
ys1,
i.e. (x1, . . . , xn) ∈ pr1 Pa(g2). If (x1, . . . , xn) = (e1, . . . , en), then a ⊏ g1.
Therefore a ⊏ g2, whih gives (e1, . . . , en) ∈ pr1 Pa(g2). Thus, we have
shown, that for any (x1, . . . , xn) ∈ B from (x1, . . . , xn) ∈ pr1 Pa(g1) it follows
(x1, . . . , xn) ∈ pr1 Pa(g2). From this, aording to (19) and (25), we onlude
pr1 P0(g1) ⊂ pr1 P0(g2), i.e. (g1, g2) ∈ χP0 . So, χ ⊂ χP0 . Hene χ = χP0 .
Sine a (2, n)-semigroup (G;⊕
1
, . . . ,⊕
n
) satisfies the ondition (14), by
Theorem 2, there exists an isomorphi representation Λ of this (2, n)-
semigroup by full n-plae funtions. Hene χ
Λ
= G × G and ε
Λ
= △G.
Now onsider the representation P of the given (2, n)-semigroup, whih is
defined by the equality P = Λ+P0. We have χP = χΛ∩χP0 = G×G∩χ = χ
and ε
P
= ε
Λ
∩ ε
P0
= △G ∩ εP0 = △G. This means that P is a faithful repre-
sentation. So (G;⊕
1
, . . . ,⊕
n
, χ) is isomorphi to some projetion quasi-ordered
(2, n)-semigroup of n-plae funtions.
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